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Abstract
In this paper, we get the time evolution equations of the curvature
and torsion of the evolving spacelike curves in the Minkowski space.
Also, we give inextensible evolutions of timelike ruled surfaces that are
produced by the timelike normal and spacelike binormal vector fields
of spacelike curve and derive the necessary conditions for an inelastic
surface evolution. Then, we compute the coefficients of the first and
second fundamental forms, the Gauss and mean curvatures for timelike
special ruled surfaces. As a result, we give applications of the evolution
equations for the curvatures of the curve in terms of the velocities and
get the exact solutions for these new equations.
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1 Introduction
The time evolution of a curve or a surface is generated by flows, in particular
inextensible flows of a curve or a surface. The flow of a curve or a surface is
said to be inextensible if its arclength is preserved or the intrinsic curvature
is preserved, respectively. Physically, the inextensible curve flows lead to
motions in which no strain energy is induced. Also, the evolutions of curves
have many important applications of physics as magnetic spin chains and
vortex filaments [4, 10, 13].
The problems of how to get the evolution of the curves or surfaces in
time is of deep interest and have been studied in different spaces by many
researchers. Kwon et al. derived the corresponding equations for inextensi-
ble flows of developable surfaces, [12]. Hussien et al. obtained the evolutions
of the special surfaces rely on the evolutions of their directrices, [11]. Re-
cently, many authors have studied geometric flow problems on the curves or
surfaces [1, 2, 3, 5, 9, 14, 21, 22].
In this study, we get the evolution of curves via the velocities of the mov-
ing frame in Minkowski space. We also classify the special timelike ruled
surfaces on the evolving spacelike curve where the generator is the time-
like principal and spacelike binormal vectors to the spacelike curves on the
timelike surfaces. We give the necessary conditions for the inelastic special
ruled surface evolutions and compute the gauss and mean curvatures for
them. Then, we obtain a pair of coupled nonlinear partial differential equa-
tions governing the time evolution of the curvatures of the evolving spacelike
curve in Minkowski space. We give the new geometric models of the evo-
lution equations for curvatures from the main equation in Minkowski space
and get the exact solutions for them and show the moving curve for these
solutions. From these exact solutions, we derive two types of nonlinear trav-
eling solitary wave, which are kink and bell-shaped solitary waves. The kink
solitary wave appears balance between nonlinearity and dissipation supports
known the nonlinear wave of stable shape. The bell-shaped solitary wave
appears in consequence of the balance between nonlinearity and dispersion.
Also, the bell-shaped wave improve to evaluate the dynamic modulus [7, 19].
2
2 Preliminaries
The 3-dimensional Minkowski space E31 is the real vector space E
3 provided
with the Lorentzian inner product given
〈a, b〉 = a1b1 + a2b2 − a3b3,
with a = (a1, a2, a3) and b = (b1, b2, b3).
A vector a ∈ E31 is said to be a spacelike vector when 〈a, a〉 > 0 or
a = 0. It is said to be a timelike and a null (light-like) vector in case of
〈a, a〉 < 0, and 〈a, a〉 = 0 for a 6= 0, respectively. Similarly, a curve is said to
be spacelike, if its velocity vector is spacelike. For furthermore information,
we refer to [16].
Let r = r(s) be a spacelike curve in 3-dimensional Minkowski space E31 .
Then Frenet formulas are given by
Ts = κN
Ns = κT + τB
Bs = τN
, (2.1)
where T = rs, N and B are called the vectors of the unit spacelike tangent,
timelike principal normal and spacelike binormal of r(s), respectively. Also
κ and τ are geometric parameters that represent, respectively, the curvature
and torsion of r(s), [20]. Through this paper, the subscripts describe partial
derivatives.
We also know that a curve is uniquely given by two scalar quantities,
so-called curvature and torsion.
If r(s) moves with time t, then (2.1) is becoming functions of both s and
t. We can give the evolution equations of {T,N,B} quite generally, in a
form similar to (2.1) as following [17]
Tt = αN − βB
Nt = αT + γB
Bt = βT + γN
. (2.2)
Clearly, α, β and γ (which are the velocities of the moving frame) detect the
motion of the α.
Let x = x(s, t) be a surface parametrization in E31 . Then, the vectors xs
and xt are tangential to M at p. Let U be the standard unit normal vector
field on a surface defined by
U =
xs ∧ xt
‖xs ∧ xt‖ . (2.3)
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Then the first and the second fundamental forms of a surface are given by
[6, 15], respectively,
I = Eds2 + 2Fdsdt+Gdt2,
II = eds2 + 2fdsdt+ gdt2,
where
E = 〈xs, xs〉 , F = 〈xs, xt〉 , G = 〈xt, xt〉 , (2.4)
e = 〈xss, U〉 , f = 〈xst, U〉 , g = 〈xtt, U〉 .
Denote W = EG− F 2. The surface is spacelike if W > 0 and it is timelike
if W < 0. We give the notation ε = 〈U,U〉 = ±1. Therefore, we can write
‖xs ∧ xt‖ =
√−εW.
Thus, the Gauss and the mean curvatures are defined by
K = ε
eg − f2
EG− F 2 , (2.5)
H = ε
Eg − 2Ff +Ge
2 (EG− F 2) .
On the other hand, a surface evolution x(u, s, t) and its flow ∂x∂t are said
to be inextensible if
∂E
∂t
=
∂F
∂t
=
∂G
∂t
= 0. (2.6)
3 Time Evolution Equations of the Spacelike Curves
and Special Timelike Ruled Surfaces in E31
For spacelike inextensible curves, the moving frame must be holded the
compatibility conditions
Tst = Tts, Nst = Nts and Bst = Bts. (3.1)
Here spacelike inextensible curves mean that the flow described by the equa-
tions (2.2) preserves the curves in arc-length parametrization.
If we substitute (2.1) and (2.2) into (3.1), then we get
καT + κtN + γκB = ακT + (αs − τβ)N + (−βs + τα)B,
(κt + τβ)T + (κα+ τγ)N + (τt − κβ)B = αsT + (κα+ τγ)N + γsB,
κτT + τtN + τγB = (βs + κγ)T + (κβ + γs)N + τγB.
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From the above equations we get
κt = αs − τβ, (3.2)
τt = γs + κβ,
γ =
ατ − βs
κ
.
The temporal evolution of κ and τ of a spacelike curve can be given in terms
of {α, β, γ} which is obtained as
κt = αs − τβ, (3.3)
τt =
(
ατ − βs
κ
)
s
+ κβ.
The equation (3.3) is one of the main results of this paper. We determine
the equations of motion of the spacelike curve for a given {α, β, γ}. Then,
we choose {α, β, γ} in terms of the {κ, τ} .
4 Inextensible Flows of the Timelike Normal and
Binormal Ruled Surfaces
4.1 Timelike Normal Surfaces
We can give a timelike normal surface M in E31 with the parametric repre-
sentation in a similar way to [11] as follows
x(s, u, t) = r(s, t) + uN(s, t),
where a spacelike curve r = r(s) and a timelike principal normal N = N(s)
of r move with time t are showed r(s, t) and N(s, t).
We get the first and second partial derivatives of M in terms of s and u
are computed as follows
xs(s, u, t) = (1 + uκ)T + τuB, (4.1)
xu(s, u, t) = N(s, t),
xss(s, u, t) = uκsT +
(
(1 + uκ)κ+ τ2u
)
N + τsuB,
xsu(s, u, t) = κT + τB,
xuu(s, u, t) = 0.
Also, using (2.3) and cross product in E31 , the unit normal vector field on
M is found as
U =
τuT + (1 + uκ)B√
τ2u2 + (1 + uκ)2
.
5
Then, from (2.4), the coefficients of the first and second fundamental forms
can be expressed as
E = τ2u2 + (1 + uκ)2, F = 0, G = −1,
e =
τu2κs + τsu(1 + uκ)√
τ2u2 + (1 + uκ)2
, f =
2τuκ+ τ√
τ2u2 + (1 + uκ)2
, g = 0.
Thus, we can compute K and H using (2.5) as follows
K =
(2τuκ+ τ)2
(τ2u2 + (1 + uκ)2)2
, (4.2)
H =
τu2κs + τsu(1 + uκ)
2 (τ2u2 + (1 + uκ)2)
3
2
.
With the help of (2.6), if the normal surface is inextensible, then one can
derive
ττtu+ (1 + uκ)κt = 0. (4.3)
4.2 Timelike Binormal Surfaces
We can give a timelike binormal surface in E31 with the parametric repre-
sentation in a similar way to [11] as follows
x(s, v, t) = r(s, t) + vB(s, t),
where a spacelike curve r = r(s) and a spacelike principal binormal B = B(s)
of r move with time t are showed r(s, t) and B(s, t). By following a similar
way as above, the coefficients of the first and second fundamental forms are
obtained as
E = 1− v2τ2, F = 0, G = 1, (4.4)
e = −τ
2v2κ+ (κ+ vτs)√
v2τ2 − 1 , f = −
τ√
v2τ2 − 1 , g = 0.
Thus, we can compute K and H using (2.5) as follows
K =
τ2
(v2τ2 − 1)2 , (4.5)
H =
τ2v2κ+ (κ+ vτs)
2 (v2τ2 − 1) 32
.
By taking account of (2.6), if the binormal surface is inextensible, then one
can derive
v2ττt = 0. (4.6)
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5 Applications
Type 1 The evolution equations for the curvature and the torsion of the
curve in terms of the velocities {α, β, γ} =
{
0, κ,−κs
κ
}
obtained using (3.3)
as
κt = −τκ, (5.1)
τt =
(
κ2s − κκss
κ2
)
+ κ2.
We seek solutions of (5.1) in the form
κ(s, t) = A1 tanh
p1 ξ, (5.2)
τ(s, t) = A2 tanh
p2 ξ,
where ξ = η(s − υt) . In (5.2), A1, A2 and η are arbitrary real constants
and υ is the velocity of the solitary wave, we refer to [8, 18] for a more
information of these solution methods. So, from (5.1) and (5.2), we have
Figure 1: The kink soliton solution of κ(s, t) for A1 = 0.5, A2 = 1.
−A1ηυp1 tanhp1−1 ξ −A1ηυp1 tanhp1+1 ξ +A1A2 tanhp1+p2 ξ = 0 (5.3)
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Figure 2: The kink soliton solution of τ(s, t) for A1 = 0.1, A2 = 0.1.
and
A21η
2p21 tanh
p1+1 ξ(1+tanh2 ξ)2−A21η2p1(p1−1) tanh2p1−2 ξ(1+tanh2 ξ)+A41 tanh4p1 ξ
−A21η2p1(p1+1) tanh2p1 ξ(1+tanh2 ξ)+A21A2ηυp2 tanh2p1+p2−1 ξ(1+tanh2 ξ) = 0.
(5.4)
From (5.3) and (5.4), equating the coefficients of (p1+1, 2p1) and (2p1, 2p1+
p2 − 1) gives
p1 = p2 = 1. (5.5)
As a result, we obtain
υ =
η
A2
,
where η2 +A21 = 1. Hence, we get the kink soliton solution for (5.1) as
κ(s, t) = A1 tanh(η(s− υt)), (5.6)
τ(s, t) = A2 tanh(η(s− υt)).
Type 2 The evolution equations for the curvatures of the curve in terms
of the velocities {α, β, γ} =
{
τ, κs,
τ − κss
κ
}
obtained using (3.3) as
κt = τs − τκs, (5.7)
τt =
(
(2ττs − κsss)κ− (τ2 − κss)κs
κ2
)
+ κκs.
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We assume that the solutions are in the form
Figure 3: The bell-shaped soliton solution of κ(s, t) for B1 = 0.1, B2 = −1.
κ(s, t) =
B1
cosh1/p1 ξ
, (5.8)
τ(s, t) =
B2
cosh1/p2 ξ
,
with ξ = η(s− υt), [19]. Substituting (5.8) into (5.7) yields
B1ηυ
1
p1
1
cosh1/p1 ξ
+B2η
1
p2
1
cosh1/p2 ξ
−B1B2 1
p1
1
cosh1/p1+1/p2 ξ
= 0. (5.9)
and
B21η
1
p1
1
cosh2/p1 ξ
+B2ηυ
1
p2
1
cosh1/p2 ξ
+
B22
B1
η
(
− 1
p1
+
2
p2
)
1
cosh1/p1+2/p2 ξ
.
+ 2η3
(
−1− 1
p1
)
1
p1
1
cosh2 ξ
= 0. (5.10)
Now, from (5.10), equating the exponent
(
2
p1
, 2
)
and
(−1
p1
+
2
p2
,
1
p2
)
leads
to
p1 = p2 = 1. (5.11)
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Figure 4: The bell-shaped soliton solution of τ(s, t) for B1 = −1, B2 = 1.
Consequently, we obtain
υ = −B2
B1
, (5.12)
where η =
B1
2
.
We obtain following bell-shaped soliton solutions
κ(s, t) =
B1
cosh ξ
= B1 sechξ, (5.13)
τ(s, t) =
B2
cosh ξ
= B2 sechξ.
6 Conclusion
In this work, the evolutions of inextensible spacelike curves and timelike
special ruled surfaces have been obtained. Then, we derived the evolution
equations for the curvatures of the curve in terms of the velocities and found
exact solutions. We have also found the kink solitary and bell-shaped wave
solutions by ansatz method for the solutions of these equations. In Figs.1-2,
the kink solitary waves of κ(s, t) and τ(s, t) obtained by Eq. (5.6) are
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presented for values A1 = 0.5, A2 = 1 and A1 = 0.1, A2 = 0.1. The bell-
shaped solitary waves of κ(s, t) and τ(s, t) obtained by Eq. (5.13) are given
by Figs. 3-4 for B1 = 0.1, B2 = −1 and B1 = −1, B2 = 1.
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